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Abstract
Using efficient Monte Carlo methods, the performance of two−step Generalized Least
Squares (GLS) estimators for the one−way error components models in small samples is
analyzed. In our approach, we focus on the two−step GLS estimators provided by the
programs LIMDEP, RATS and TSP, which mainly differ in the solution of negative variance
components problem. Our main result is that the use of non negative first−step estimators, as
RATS, produces a considerably efficiency loss. We greatly improve the efficiency of
simulations using a control variate that can be implemented with no virtually computational
cost.
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Wkh vlpsoh vwdwlf udqgrp0h￿hfwv sdqho uhjuhvvlrq prgho kdv ehhq rqh ri wkh pdlq zrunkruvhv
lq wkh dqdo|vlv ri orqjlwxglqdo gdwd1 Krzhyhu/ pdq| sureohpv dulvh lq wkh dssolfdwlrq ri wkh
wzr0vwhs JOV hvwlpdwru/ vlqfh lw uhtxluhv d sulru hvwlpdwlrq ri wkh yduldqfh ri wkh wzr udqgrp
frpsrqhqwv +dq lqglylgxdo vshfl￿f h￿hfw dqg d uhpdlqghu glvwxuedqfh,1 Iluvwo|/ wkhuh h{lvwv d
ehzloghulqj ydulhw| ri hvwlpdwruv dqg fulwhuld wr rewdlq ￿uvw0vwhs hvwlpdwruv/ zklfk duh dv|ps0
wrwlfdoo| htxlydohqw exw kdyh d gl￿huhqw shuirupdqfh lq ￿qlwh vdpsohv1 Dv d uhvxow/ dq lq￿qlwh
qxpehu ri wzr0vwhs JOV hvwlpdwruv zlwk gl￿huhqw ￿qlwh vdpsoh h!flhqf| duh dydlodeoh1 Wkh
sureohp lv wkdw wkh ￿qlwh surshuwlhv ri frpshwlqj hvwlpdwruv duh xqfohdu/ vlqfh wkh| duh kljko|
vhqvlwlyh wr wkh vdpsoh vl}h wrjhwkhu zlwk wkh wuxh ydoxhv ri wkh sdudphwhuv ri wkh yduldqfh
frpsrqhqwv +vhh Pdggdod dqg Prxqw +4<:6, dqg Wd|oru +4<;3,,1 Dqrwkhu lpsruwdqw sureohp
lv wkdw wkh yduldqfh ri wkh lqglylgxdo vshfl￿f h￿hfwv lv xvxdoo| rewdlqhg uhvlgxdoo|/ dqg lw pd|
wdnh qhjdwlyh ydoxhv1 Wkhuh h{lvw vhyhudo sudfwlfdo surfhgxuhv wr vroyh wklv sureohp/ exw wkhlu
h￿hfwv lq wkh h!flhqf| ri vorsh uhjuhvvlrq sdudphwhuv vxusulqvlqjo| kdyh ehhq ryhuorrnhg lq wkh
olwhudwxuh41
Wkh odfn ri hylghqfh derxw wkh ehvw fkrlfh ri ￿uvw0vwhs hvwlpdwru suryrnhv wkdw wkh prvw
xvhg hfrqrphwulf sdfndjhv/ dprqj wkhq OLPGHS/ UDWV dqg WVS/ uho| rq gl￿huhqw surfhgxuhv
wr hvwlpdwh wkh yduldqfh frpsrqhqwv1 Ixuwkhupruh/ wkh| dovr gl￿hu lq sudfwlfdo vroxwlrqv wr wkh
qhjdwlyh yduldqfh frpsrqhqw sureohp1 WVS dqg OLPGHS sursrvh dowhuqdwlyh ￿uvw0vwhs hvwlpd0
wruv/ dqg/ dv ￿qdo rswlrq/ wkh| surylgh hvwlpdwruv wkdw duh dozd|v qrq qhjdwlyh/ dowkrxjk wkh|
duh qrw wkh rswlpdo hlwkhu1 Lq frqwudvw/ UDWV gluhfwo| xvhv hvwlpdwruv wkdw qhyhu |lhog qhjd0
wlyh ydoxhv/ dowkrxjk wkh| duh eldvhg1 Vhyhudo dxwkruv kdyh uhfhqwo| frqvlghuhg wkhvh sureohpv1
Eodqfkdug +4<<6, ghwhfwhg wkh sureohp/ exw klv vwxg| glg qrw surylgh qxphulfdo dssolfdwlrqv
dqg Pdxg￿v dqg Xulho +4<<9, rewdlqhg wkdw OLPGHS r￿huhg ehwwhu hvwlpdwlrqv iru d uhvwulfwhg
gdwd vhw1
Lq wklv qrwh zh dqdo|}h krz pxfk h!flhqf| jdlq fdq eh rewdlqhg lq wzr0vwhs JOV hvwlpdwru
e| xvlqj dowhuqdwlyh hvwlpdwruv ri yduldqfh frpsrqhqwv/ lq wkh frqwh{w ri udqgrp lqglylgxdov
h￿hfwv xqfruuhodwhg zlwk h{sodqdwru| yduldeohv1 Pruhryhu/ zh duh lqwhuhvwhg lq hydoxdwlqj sudf0
wlfdo vroxwlrqv wr qhjdwlyh yduldqfh frpsrqhqwv sureohp1 Iru wkhvh uhdvrqv/ zh irfxv rq wkh
wzr0vwhs JOV hvwlpdwruv surylghg e| OLPGHS +:13,/ UDWV iru Zlqgrzv dqg WVS +718,1 Wkh
zrun prvw forvho| wr rxuv lv Euxqr dqg Gh Erqlv +5333,/ wkdw dovr frpsduh wkhvh hfrqrphwulf
sdfndjhv51 Krzhyhu/ zh uhvwulfw rxu dwwhqwlrq wr wkh prvw sureohpdwlf fdvhv/ wkdw lv/ zkhuh vrph
hvwlpdwruv ri yduldqfh ri lqglylgxdov h￿hfwv fdq wdnh qhjdwlyh ydoxhv dqg sdqhov lq zklfk wkh
furvv0vhfwlrq glphqvlrq/ Q/ dqg wkh wlph glphqvlrq/ W/ duh vpdoo61 Prqwh Fduor h{shulphqwv
zhuh shuiruphg iru wkhvh sxusrvhv1 Pruhryhu/ zh xvh yduldqfh uhgxfwlrq whfkqltxhv lq rughu wr
plwljdwh wkhlu lqkhuhqwo| lpsuhflvlrq/ vshfl￿fdoo|/ frqwuro yduldwhv +vhh Khqgu| +4<;7,/ dqg pruh
uhfhqwo| Gdylgvrq dqg Pdfnlqqrq +4<<6,,1
Zh vkrz wkdw wkh fkrlfh ri ￿uvw0vwhs hvwlpdwruv d￿hfwv vxevwdqwldoo| wkh h!flhqf| ri wzr0vwhs
JOV hvwlpdwruv1 Pruh vshfl￿fdoo|/ zh revhuyh wkdw wkh xvh ri qrq qhjdwlyh hvwlpdwruv ri yduldqfh
frpsrqhqwv/ dv UDWV/ |lhogv d frqvlghudeoh h!flhqf| orvv1 Pruhryhu/ wkh shuirupdqfh ri UDWV
4Dq h{fhswlrq frxog eh Edowdjl +4<;4, dqg Pdggdod dqg Prxqw +4<:6,/ wkdw dqdo|}h wkh h￿hfwv ri vrph
surfhgxuhv xvhg wr vroyh sudfwlfdoo| wkh iruphu sureohp e| phdqv ri Prqwh Fduor h{shulphqwv1
5Wkh| dqdo|}h VWDWD lqvwhdg ri UDWV1
6Wkh rqh zd| udqgrp0h￿hfwv prgho fdq dovr eh hvwlpdwhg e| pd{lpxp0olnholkrrg hvwlpdwlrq +POH,/ vhh Kvldr
+4<;9,1 Dowkrxjk POH hvwlpdwru lv dv|pwrwlfdoo| h!flhqw/ wkh ￿qlwh vdpsoh h!flhqf| lv dovr xqfohdu1 Pruhryhu/
vrphwlphv wkh sureohp ri qhjdwlyh ydoxh ri yduldqfh ri lqglylgxdov frpsrqhqwv dulvhv1 Zh frxog dovr dqdo|}h lwv
￿qlwh vdpsoh shuirupdqfh/ exw wkh jrdo ri wklv zrun lv wr surylghg d sudfwlfdo jxlgh iru xvhuv dqg zh frqvlghu
wkdw lv pruh lqwhuhvwlqj wr dqdo|}h hvwlpdwruv r￿huhg e| hfrqrphwulf vriwzduhv1
4lv forvhu wr zlwklq0jurxsv hvwlpdwru wkdq OLPGHS dqg WVS1 Lq dgglwlrq wr wklv/ zh revhuyh wkdw
OLPGHS r￿huv d pruh h!flhqw hvwlpdwru li Q jurzv zkhuhdv WVS hvwlpdwru kdv ohvv yduldqfh
li wkh vdpsoh vl}h lv vpdoohu1 Ilqdoo|/ zh juhdwo| lpsuryh wkh h!flhqf| ri vlpxodwlrqv xvlqj d
frqwuro yduldwh wkdw fdq eh lpsohphqwhg zlwk qr yluwxdoo| frpsxwdwlrqdo frvw1
Wkh hvwlpdwlrq surfhgxuhv iru wkh udqgrp0h￿hfwv prgho duh uhylhzhg lq vhfwlrq 51 Lq vhfwlrq
6/ zh h{sodlq frqwuro yduldwhv1 Lq vhfwlrq 7/ Prqwh Fduor uhvxowv duh surylghg1
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Frqvlghu wkh vlpsoh vwdwlf udqgrp0h￿hfwv prgho 7
|￿| @ ￿ . ￿￿{￿| . x￿ . %￿|>l @4 >=======>Q> w @4 >=======>W> +4,
zkhuh |￿| lv wkh prgho yduldeoh/ {￿| lv d +N ￿ 4, yhfwru ri h{sodqdwru| yduldeohv dqg x￿ lv wkh
udqgrp yduldeoh ri lqglylgxdo h￿hfwv wkdw lv lqghshqghqw ri {￿|1 Zh dvvxph wkdw x￿ dqg %￿| duh
qrupdoo| udqgrp glvwulexwhg zlwk phdq 3 dqg yduldqfh ￿2
￿ dqg ￿2
0 1 Lq wklv prgho/ wkh fryduldqfh
pdwul{ ri wkh frpelqhg xqrevhuydeohv lv
￿@￿2
0 L￿A . ￿2
￿ ^L￿ ￿ hAh￿
A‘>
zkhuh hA ghqrwhv d W ￿4 yhfwru ri rqhv1 Xqghu wkhvh dvvxpswlrqv/ wkh Jdxvv0Pdunry hvwlpdwru
ri wkh vorsh frh!flhqwv +Pdggdod +4<:4,, lv wkh JOV hvwlpdwru/ wkdw fdq eh h{suhvvhg dv d
























lv wkh zlwklq0jurxsv hvwlpdwru/ e ￿
￿














A dqg wkhq hvwlpdwlqj lw e| ROV1
Lq rughu wr eh rshudwlyh wkh iruphu hvwlpdwru/ lw lv uhtxluhg wr hvwlpdwh wkh yduldqfh frpsr0
qhqwv +jlylqj ulvh wr wkh wzr0vwhs JOV hvwlpdwru,1 Dv wkhuh h{lvw pdq| hvwlpdwruv dqg fulwhuld8/
wkdw kdyh gl￿huhqw vpdoo0vdpsoh surshuwlhv/ lw fdq eh rewdlqhg d ehzloghulqj ydulhw| ri wzr0
vwhs JOV hvwlpdwruv1 Iru wklv uhdvrq/ wkh prvw xvhg hfrqrphwulf sdfndjhv sursrvh dowhuqdwlyh
hvwlpdwruv ri yduldqfh frpsrqhqwv1













QW ￿ +N .4 ,
￿ e ￿2
0> +6,
zkhuh e y￿ ghqrwhv wkh zlwklq0jurxsv uhvlgxdov yhfwru dqg e yAJ|wkh wrwdo uhvlgxdov yhfwru rewdlqhg
e| hvwlpdwlqj wkh lqlwldo prgho +4, gluhfwo| e| ROV1 Li qhjdwlyh ydoxhv duh frpsxwhg xvlqj wkh
7Vhh Kvldr +4<;9,1
8Vhh Vzdp| dqg Durud +4<:5, dqg Pdggdod dqg Prxqw +4<:6,1
9Vhh Kdoo +4<<:,1
5iruphu hvwlpdwru ri wkh yduldqfh ri lqglylgxdov h￿hfwv/ wkh surjudp vzlwfkhv ryhu wr odujh vdpsoh
irupxodv1 Wkh gl￿huhqfhv ehwzhhq wkhp duh mxvw wkh fruuhfwlrq ri wkh ghjuhh ri iuhhgrp lq rughu
wr rewdlq srvlwlyh ydoxhv iru doo wkh srvvleoh fdvhv1 Iru wklv uhdvrq/ wkh| duh frqvlvwhqw/ wkrxjk


















Rq wkh rwkhu kdqg/ OLPGHS sursrvhv wkuhh dowhuqdwlyh surfhgxuhv wr hvwlpdwh wkh yduldqfh
ri wkh lqglylgxdo h￿hfwv1 Iluvwo|/ lq frqwudvw zlwk WVS/ lw hvwlpdwhv ￿2
￿ xvlqj ehwzhhq0prgho dqg





Q+W ￿4, ￿+N .4 ,












zkhuh e y￿ lv wkh ehwzhhq0jurxsv uhvlgxdov yhfwru1 Lq fdvh ri h{suhvvlrq +8, |lhogv d qhjdwlyh







^|￿ ￿ +e ￿AJ|. e ￿
AJ|
{￿,‘2> +9,
zkhuh e ￿AJ| dqg e ￿
AJ|
duh wkh hvwlpdwruv rewdlqhg e| uhjuhvvlqj wkh wrwdo prgho1 Xqiruwxqdwho|/
wklv hvwlpdwru pd| qrw eh srvlwlyh1 Zkhq wklv rffxuv/ OLPGHS xvhv dv d wklug surfhgxuh wkh
hvwlpdwru sursrvhg e| Qhuoryh +4<:4,/ zklfk frqvlvwv ri hvwlpdwlqj ￿2
￿ gluhfwo| e| phdqv ri wkh





+e ￿￿ ￿ e ￿,2
Q
+:,





1 Lw ehfrphv hylghqw wkdw/ e| frqvwuxfwlrq/ wklv wklug hvwlpdwru fdq qhyhu eh
qhjdwlyh1
Ilqdoo|/ wkh UDWV: surjudp xvhv wkh ghfrpsrvlwlrq ri dqdo|vlv ri yduldqfh ri wrwdo uhvlgxdov
lq rughu wr rewdlq hvwlpdwruv ri ￿2
0 dqg ￿2













zkhuh VVUK lv wkh vxp ri wkh vtxduhv ri wkh ehwzhhq0jurxsv uhvlgxdov dqg VVU￿ lv wkh vxp
ri wkh vtxduhv ri wkh zlwklq0jurxsv uhvlgxdov1 Exw wkh pdlq gl￿huhqfh zlwk OLPGHS dqg WVS
lv wkdw UDWV grhv qrw dsso| wkh fruuhfw ghjuhhv ri iuhhgrp1 Wklv idfw suryrnhv wkdw wkhvh
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Wkh sulqflsoh ri frqwuro yduldwhv lv wr ￿qg dq dx{loldu| vwdwlvwlf/ ￿W/ fdoohg frqwuro yduldwh/ zlwk
vrph nqrzq glvwulexwlrq surshuwlhv/ vshfl￿fdoo| wkh srsxodwlrq phdq/ dqg zklfk lv dovr kljko|
fruuhodwhg zlwk wkh hvwlpdwru ru vwdwlvwlfdo whvw ehlqj vwxglhg/ e ￿1 Wkh glyhujhqfh ehwzhhq wkh
srsxodwlrq phdq dqg wkh vdpsoh phdq ri wkh frqwuro yduldwhv lv suhflvho| xvhg wr lpsuryh wkh
hvwlpdwlrq rewdlqhg lq wkh vpdoo vdpsolqj h{shulphqwv1 Lw vkrxog eh srlqwhg rxw wkdw frqwuro
yduldwhv uhtxluh nqrzohgjh ri vwdwlvwlfv wkdw fdq rqo| eh revhuyhg lq d Prqwh Fduor vhwwlqj1 Vxfk
Prqwh Fduor hvwlpdwruv iru wkh eldv dqg wkh yduldqfh fdq eh frqvwuxfwhg dv iroorzv1
Lq hdfk Prqwh Fduor h{shulphqw duh rewdlqhg h ￿￿>m@4 >====P> rqh uhdol}dwlrq ri wkh hvwlpdwru
wkh lqwhuhvw/ zkhuh P lv wkh qxpehu ri uhsolfdwlrqv/ dqg ￿W
￿/ wkh frqwuro yduldwh1 Xvlqj frqwuro
yduldwhv/ wkh rswlpdo frqwuro yduldwhv hvwlpdwru ri H+e ￿,> duh jlyhq e|
￿￿
￿ +￿, @ h ￿ ￿ ￿+￿







W lv wkh vdpsoh phdqv ri ￿W￿
￿ v/d q g￿ lv d sdudphwhu wkdw kdv wr eh ghwhuplqhg1
h ￿ lv wkh frpprqo| fdoohg qdlyh hvwlpdwru dqg/ dowkrxjk wklv hvwlpdwru lv qrw wkh prvw h!flhqw/
lw kdv ehfrph wkh frqyhqwlrqdo phwkrg iru hydoxdwlqj H+e ￿,= Wkh qdwxudo fkrlfh ri ￿ lv wkh ydoxh
wkdw plqlpl}hv wkh yduldqfh ri +<,/ Y +
￿￿
￿ +￿,, @ Y +h ￿, . ￿2Y +￿
W, ￿ 5￿Fry+￿







E| xvlqj d frqwuro yduldwh/ zh dfklhyh d h!flhqf| jdlq zklfk zh fohduo| revhuyh iurp +<,










zkhuh ￿ lv wkh frh!flhqw ri fruuhodwlrq ehwzhhq h ￿> d P0yhfwru zlwk w|slfdo hohphqw h ￿￿> dqg ￿W>
d P0yhfwru zlwk w|slfdo hohphqw ￿W
￿= Lq +44,/ lw lv hdvlo| revhuyhg wkdw li ￿ lv qrq}hur/ wkhq/ wkh
xvh ri frqwuro yduldwhv surgxfhv vrph jdlqv zlwk uhvshfw wr wkh qdlyh hvwlpdwru/ h ￿= Zkhq wkh
qxpehu ri revhuydwlrqv/ q/ jurzv/ wkh fruuhodwlrq ehwzhhq wkh frqwuro yduldwhv dqg wkh txdqwlw|
ri lqwhuhvw pxvw lqfuhdvh/ dv wkhq wkh ￿qlwh0vdpsoh ri wkh odwwhu glvwulexwlrq dssurdfkhv wkh
dv|pswrwlf glvwulexwlrq1 Frqvhtxhqwo|/ +<, lv lqfuhdvlqjo| h!flhqw zlwk lqfuhdvlqj q/ r￿vhwwlqj
wkh ulvlqj frvw ri h{shulphqwdwlrq +vhh Khqgu| +4<;7,,1
Lq pxfk ri wkh olwhudwxuh rq frqwuro yduldwhv +h1j1/ Khqu| +4<;7,,/ ￿ l vv h wh t x d ow r4 1 L w
lv uhdvrqdeoh li ￿W
￿ dqg h ￿￿ duh kljko| fruuhodwhg dqg kdyh vlplodu yduldqfhv/ exw lw lv qrw wkh
ehvw fkrlfh lq jhqhudo1 Wkhuhiruh/ zh dowhuqdwlyho| surfhhg wr hvwlpdwh; ￿W1 Wkh hdvlhvw zd|
wr hvwlpdwh wklv ydoxh lv e| phdqv ri wkh ROV hvwlpdwru/ e ￿> rewdlqhg e| uhjuhvvlqj h ￿ rq h/ dq
P0yhfwru ri rqhv/ dqg ￿W=
Zh fdq dovr xvh frqwuro yduldwhv wr hvwlpdwh wkh yduldqfh ri e ￿= Wkh rswlpdo frqwuro yduldwhv












W,2 . Yd u+￿W,= +45,
;Vhh Gdylgvrq dqg Pdfnlqqrq +4<<6, iru d ghwdlohg dqdo|vlv ri wklv txhvwlrq1
7Wr hvwlpdwh wkh eldv dqg wkh yduldqfh ri wzr0vwhs JOV e| phdqv ri Prqwh Fduor h{shulphqwv
</ lw lv qdwxudo wr xvh wkh iroorzlqj h{suhvvlrq dv frqwuro yduldwh 43
￿W @￿ e ￿
￿




























f￿ duh wkh wuxh ydoxhv ri wkh yduldqfh frpsrqhqwv1 Wklv frqwuro










+{￿ ￿{,2,3￿1 Lq dgglwlrq/ lw lv kljko| fruuhodwhg zlwk
wkh hvwlpdwru ri lqwhuhvw +qrwlfh wkdw lw lv lpsrvvleoh wr frpsxwh ￿W iurp d uhdo gdwd vhw,1
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 	"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$

Zh frqvlghu wkh iroorzlqj jhqhudwlqj gdwd surfhvv
|￿| @ ￿ . ￿{￿| . %￿| . x￿>w @4 >=====>W> l @4 >====>Q> +47,
zkhuh ￿ @7 / ￿ @4 / %￿| ￿ Q+3>￿2
0, dqg x￿ ￿ Q+3>￿2
￿,1 Zh kdyh nhsw wkh revhuydwlrqv rq {￿|
￿{hg ryhu uhsolfdwlrqv1 Ixuwkhupruh/ {￿| duh xqfruuhodwhg zlwk wkh lqglylgxdov h￿hfwv1
Lq wkhvh vlpxodwlrqv/ zh vwxg| wkh shuirupdqfh ri wkh wzr0vwhs JOV hvwlpdwruv dqg zh dovr
frpsduh lw zlwk zlwklq0jurxsv1 Ixuwkhupruh/ zh frpsxwh wkh qxpehu ri wlphv lw lv xvhg hdfk
ri wkh surfhgxuhv sursrvhg e| OLPGHS dqg WVS iru wkh hvwlpdwlrq ri ￿2
￿1 Wkh h{shulphqwv
zhuh fduulhg rxw iru ydulrxv sdqho vl}h1 Vshfl￿fdoo|/ zh frqvlghu wkdw Q wdnhv ydoxhv ri 53/ 58/
63 dqg 73 dqg W lv dvvljqhg ydoxhv ri 8 dqg 431 Iru hdfk vdpsoh vl}h/ zh uhvwulfw rxu dwwhqwlrq





@4 >53>73> vlqfh zh duh lqwhuhvwhg lq
wkh fdvhv zkhuh wkh hvwlpdwruv ri ￿2
￿ |lhog qhjdwlyh ydoxhv1 Zh dovr vhw U2 @3 =< 441 Lq dgglwlrq/
wkh frqwuro yduldwh +46, lv xvhg wr rewdlq Prqwh Fduor hvwlpdwruv1
Wdeoh 4D ri wkh dsshqgl{ vkrzv wkh shufhqwdjh ri wlphv OLPGHS dqg WVS surjudpv dssolhg
wkh hvwlpdwlrq surfhgxuhv ri ￿2
￿ iru hdfk vdpsoh vl}h dqg udwlr ￿2
0@￿2
￿= Wkh wzr phwkrgv xvhg
e| WVS duh fdoohg uhvshfwlyho| W4 dqg W5 dqg wkh wkuhh hvwlpdwruv xvhg e| OLPGHS duh fdoohg
O4/ O5 dqg O61
Wkh gdwd vkrz wkdw/ ghshqglqj rq wkh udwlr ￿2
0@￿2
￿ wkh ￿uvw hvwlpdwruv ri ￿2
￿ |lhog qhjdwlyh
ydoxhv/ hlwkhu lq OLPGHS dqg WVS +wkh pd{lpdo qhjdwlyh iuhtxhqf| dulvhv iru W @8dqg
Q @5 8 ,1 Ixuwkhupruh/ wkh sureohp ri qhjdwlyh ydoxhv lv uhdoo| lpsruwdqw/ ehfdxvh lw dsshduv
lq wkh 79 shu fhqw ri wlphv1 Vshfl￿fdoo|/ wkh qhjdwlyh ydoxhv dulvh zkhq wklv udwlr lv juhdwhu wkdq
ru htxdo wr 53/ ru lq rwkhu whupv/ zkhq wkh khwhurjhqhlw| h￿hfwv duh ohvv lpsruwdqw1 Iru d orzhu
sursruwlrq qr qhjdwlyh uhvxowv duh revhuyhg lq dq| ri wkh fdvhv vwxglhg1 Lw lv lpsruwdqw wr srlqw
rxw/ wkdw wkh vhfrqg surfhgxuh sursrvhg e| OLPGHS/ +O5,/ lv dssolhg wr d vpdoo qxpehu ri
fdvhv1 Zkhq Q dqg W duh lqfuhdvhg/ wkh shufhqwdjh ri fdvhv lq zklfk W4 dqg O4 r￿hu qhjdwlyh
uhvxowv ghfuhdvhv1 Pruhryhu/ wklv h￿hfw lv uhlqirufhg iru W @4 3 1
<Lq rxu h{shulphqwv zh rqo| kdyh d uhjuhvvru1
43Wkh irupxodh fdq eh irxqg lq Khqgu| dqg Kduulvrq +4<:7,1
44Uhvxowv iru rwkhu ydoxhv ri -
2 duh txdolwdwlyho| vlplodu wr wkrvh1 Wkhvh fdq eh uhsruwhg xsrq uhtxhvwhg1
8Wdeoh 4 vxppdul}hv wkh shuirupdqfh ri wzr0vwhs JOV dqg zlwklq0jurxsv hvwlpdwruv1 Eldv dqg
yduldqfh ri hdfk hvwlpdwru duh hvwlpdwhg e| xvlqj wkh rswlpdo frqwuro yduldwhv hvwlpdwruv +<, dqg
+45,/ uhvshfwlyho|1 Wkh wdexodwhg uhvxowv vkrz wkdw OLPGHS dqg WVS surylgh hvwlpdwruv zlwk
ehwwhu surshuwlhv lq doo shuiruphg h{shulphqwv1 Wkhlu hvwlpdwhg yduldqfhv suhvhqw qr vljql￿fdqw
gl￿huhqfhv +xqghu 4 (,1 UDWV/ zklfk xvhg eldvhg hvwlpdwruv wr fdofxodwh yduldqfh ri huuru
frpsrqhqwv/ dozd|v suhvhqwv zruvh uhvxowv/ dqg/ vxusulvlqjo|/ lw kdv d shuirupdqfh yhu| forvh wr
zlwklq0jurxsv hvwlpdwru1 Lw lv dovr lpsruwdqw wr qrwh wkdw/ doo hvwlpdwruv shuirup zruvw dv wkh
udwlr ￿2
0@￿2
￿ lqfuhdvhv1 Dq lqwhuhvwlqj uhvxow lv wkdw WVS r￿huv wkh prvw h!flhqw hvwlpdwru iru
vpdoo vdpsohv +W@8 dqg Q@53,1 Lq frqwudvw/ OLPGHS hvwlpdwru ehfrphv wkh prvw h!flhqw
zkhq Q jurzv1
UDWV suhvhqwv xs wr 58 +(, kljkhu yduldqfh wkdq OLPGHS dqg WVS +wkh pd{lpxp gl￿hu0
hqfhv dulvh iru W@8/ Q@73 dqg ￿2
0@￿2
￿@ 53,1 Krzhyhu/ qrwlfh wkdw gl￿huhqfhv ghshqg vwurqjo|
rq wkh udwlr ri wkh wzr yduldqfh sdudphwhuv1 Zkhq ￿2
0 htxdo ￿2
￿/ doo hvwlpdwruv shuirup lq wkh
vdph zd| +hyhq wkh zlwklq0jurxsv hvwlpdwru,1 Lq frqwudvw/ li ￿2
0@￿2
￿ lqfuhdvhv/ wkhuh h{lvwv d
vxevwdqwldo h!flhqf| jdlq lq sudfwlfh e| xvlqj OLPGHS dqg WVS dv rssrvhg wr UDWV1 Ixuwkhu0
pruh/ wkh gl￿huhqfhv ehwzhhq wkh hvwlpdwhg yduldqfh ri hvwlpdwruv fkdqjh zlwk vdpsoh vl}hv1
Zkhq Q jurzv/ wkh shuirupdqfh ri OLPGHS dqg WVS frqvlghudeo| lpsuryhv dv rssrvhg wr
UDWV1 Lq frqwudvw/ li W ehfrphv odujh/ doo hvwlpdwruv ehkdyh vlplodu1
Lw lv lpsruwdqw wr qrwh wkdw wkh shuirupdqfh ri UDWV lv forvhu wr zlwklq0jurxsv hvwlpdwru
wkdq OLPGHS dqg WVS1 Zkhuhdv OLPGHS kdv d hvwlpdwhg yduldqfh xs wr 68 ( vpdoohu wkdq
zlwklq0jurxsv/ UDWV suhvhqwv d pd{lpxp gl￿huhqfh ri 43 ( lq h!flhqf| zlwk uhvshfwv wr
zlwklq0jurxsv1
Wr frqfoxgh/ zh irxqg wkdw wkh ￿uvw0vwhs hvwlpdwruv d￿hfw vxevwdqwldoo| wkh h!flhqf| ri wzr0
vwhs JOV hvwlpdwruv1 Wkh xvh ri eldvhg hvwlpdwruv dv xqltxh surfhgxuh wr dyrlg wkh sureohp
ri qhjdwlyh ydoxhv ri ￿2
￿ +dv UDWV, surgxfhv d frqvlghudeo| h!flhqf| orvv lq wzr0vwhs JOV
hvwlpdwru +durxqg 58(,1 Lq dgglwlrq/ ￿qlwh0vdpsoh gl￿huhqfhv ghshqgv rq hlwkhu vdpsoh vl}h
dqg wkh wuxh ydoxhv ri wkh udwlr ￿2
0@￿2
￿1
Wdeoh 5D ri wkh dsshqgl{ vxppdul}hv wkh hpslulfdo h!flhqf| jdlqv xvlqj wkh rswlpdo frqwuro
yduldwhv hvwlpdwru ri wkh eldv +<,1 Wkh hpslulfdo h!flhqf| jdlqv duh rewdlqhg e| wkh udwlr
4@+4 ￿ h ￿2,> zkhuh h ￿ lv wkh hpslulfdo frh!flhqw ri fruuhodwlrq ehwzhhq wkh qdlyh hvwlpdwru dqg
wkh frqwuro yduldwh1 Wkh jdlqv duh dssduhqwo| yhu| odujh +ehlqj :419; lwv pd{lpxp ydoxh,1
Wr jhw d h!flhqf| jdlq ri wklv pdjqlwxgh lw zloo eh qhfhvvdu| wr shuirup d kljko| qxpehu ri
uhsolfdwlrqv1 Lq sduwlfxodu/ wkh h!flhqf| jdlqv duh juhdwhu iru OLPGHS dqg WVS hvwlpdwruv1
Krzhyhu/ wkh jdlq vwurqjo| ghshqgv rq wkh udwlr ri wuxh ydoxhv ri yduldqfh frpsrqhqwv +vhh
Gdylgvrq dqg Pdfnlqqrq +4<<6,,= wkh orzhu lv wkh udwlr ￿2
0@￿2
￿> wkh juhdwhu duh wkh h!flhqf|
jdlqv1 Ilqdoo|/ jdlqv jurz zlwk vdpsoh vl}h/ dv wkh wkhru| suhglfwv1 Wdeoh 6D ri wkh dsshqgl{
vkrzv wkh hpslulfdo fruuhodwlrqv ehwzhhq wkh qdlyh hvwlpdwru dqg wkh frqwuro yduldwh1
($
^4‘ Edowdjl/ E1K1 +4<;4, ￿Srrolqj= Dq H{shulphqwdo Vwxg| ri Dowhuqdwlyh Whvwlqj dqg Hvwl0
pdwlrq Surfhgxuhv lq d Wzr Zd| Huuru Frpsrqhqw Prgho￿/ plphr0judsk/ Xqlyhuvlw| ri
Krxvwrq1
^5‘ Eodqfkdug/ S1 +4<<6, ￿Vriwzduh Uhylhz￿ lq Wkh Hfrqrphwulfv ri Sdqho Gdwd= Kdqgerrn ri
Wkhru| dqg dssolfdwlrqv e| O1 P￿w|￿v dqg S1 Vhyhvwuh/ Hgv1/ Noxzhu Dfdghplf Sxeolvkhuv=
Gruguhfwk/ 85408791
9^6‘ Euxqr/ J1/ dqg U1 Gh Erqlv +5333, ￿D Frpsdudwlyh Vwxg| ri Dowhuqdwlyh Hfrqrphwulf
Sdfndjhv= Dq Dssolfdwlrq wr Lwdoldq Ghsrvlw Lqwhuhvwv Udwhv￿ Frpsxwlqj lq Hfrqrplfv dqg
Ilqdqfh 5333/ 4931
^7‘ Fdpsrv/ M1 +4<;9, ￿Ilqlwh0vdpsoh Surshuwlhv ri wkh Lqvwuxphqwdo Yduldeohv Hvwlpdwru iru
G|qdplf Vlpxowdqhrxv0htxdwlrq Vxev|vwhpv zlwk DUPD Glvwxuedqfhv￿ Mrxuqdo ri Hfrqr0
phwulfv 65/ 66606991
^8‘ Gdylgvrq/ U1/ dqg M1J1 Pdfnlqqrq +4<<6, Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqrphwulfv/ R{0
irug Xqlyhuvlw| Suhvv= Qhz \run1 [[
^9‘ Grdq/ W1D1 +4<<9, UDWV/ Xvhu*v Pdqxdo/ Yhuvlrq 7=5/ Hvwlpd= Hydqvwrq Loolqrlv1 [[
^:‘ Juhhqh/ Z1K1 +4<<8, OLPGHS yhuvlrq :131 Xvhu*v Pdqxdo/ Hfrqrphwulf Vriwzduh Lqf= Ehoo
Sruw1
^;‘ Kdoo/ E1K1 +4<<:, WVS 717 Xvhu*v Jxlgh1 WVS Lqwhuqdwlrqdo= Sdor Dowr1
^<‘ Khqgu|/ G1I1 +4<;7, ￿Prqwh Fduor H{shulphqwdwlrq lq Hfrqrphwulfv￿ lq Kdqgerrn ri
Hfrqrphwulfv/ Yro1 LL1 e| ]1 Julolfkhv dqg P1G1 Lqwuloljdwru/ Hgv1/ Hovhylhu Vflhqfh Sxeolvk0
huv= Qruwk Kroodqg/ <6<￿<:91
^43‘ Khqgu|/ G1I1/ dqg Z1U1 Kduulvrq +4<:7, ￿Prqwh Fduor Phwkrgrorj| dqg wkh Vpdoo Vdpsoh
Ehkdylrxu ri Ruglqdu| dqg Wzr Vwdjh Ohdvw Vtxduhv￿ Mrxuqdo ri Hfrqrphwulfv 5/ 48404:71
^44‘ Klvdr/ F1 +4<;9, Dqdo|vlv ri Sdqho Gdwd/ Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh1
^45‘ Pdggdod/ J1V1/ dqg W1G1 Prxqw +4<:6, ￿D Frpsdudwlyh Vwxg| ri Dowhuqdwlyh Hvwlpdwruv iru
Yduldqfh Frpsrqhqwv Prghov xvhg lq Hfrqrphwulf Dssolfdwlrqv￿ Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvrwldwlrq 9;/ 657065;1
^46‘ Pdxg￿v/ M1/ dqg H1 Xulho +4<<9, ￿Dq￿olvlv Frpsdudwlyr gh odv Hvwlpdflrqhv gh Prghorv gh
Sdqho hq orv Surjudpdv OLPGHS/ WVS/ UDWV￿/ Uhylvwd gh Hfrqrp￿d Dsolfdgd 44/ 54805561
^47‘ Vzdp|/ S1D1Y1E/ dqg V1V1 Durud +4<:5, ￿Wkh H{dfw Ilqlwh Vdpsoh Surshuwlhv ri wkh Hv0
wlpdwruv ri Frh!flhqwv lq wkh Huuru Frpsrqhqwv Uhjuhvvlrq Prghov￿ Hfrqrphwulfd 73/
59405:81
^48‘ Wd|oru/ Z1H1 +4<;3, ￿Vpdoo Vdpsoh Frqvlghudwlrqv lq Hvwlpdwlrq iurp Sdqho Gdwd￿ Mrxuqdo
ri Hfrqrphwulfv 46/ 53605561
:Table 1.





se TSP LIMDEP RATS W-G
1 5    20 1 Bias -0,000046 -0,000091 0,000196 0,000260
Variance 0,000767 0,000771 0,000792 0,000804
20 Bias 0,000377 0,000271 0,000650 0,000695
Variance 0,001410 0,001420 0,001550 0,001640
40 Bias 0,000082 -0,000104 -0,000399 -0,000383
Variance 0,001428 0,001429 0,001550 0,001650
2    25 1 Bias -0,000215 -0,000298 0,000590 0,000805
Variance 0,000628 0,000630 0,000646 0,000657
20 Bias -0,000794 -0,000702 -0,002330 -0,003010
Variance 0,001090 0,001080 0,001190 0,001280
40 Bias -0,000124 -0,000056 -0,000177 -0,000256
Variance 0,001090 0,001090 0,001170 0,001260
3    30 1 Bias 0,000005 0,000012 0,000285 0,000357
Variance 0,000533 0,000533 0,000528 0,000532
20 Bias -0,000062 -0,000069 -0,000100 -0,000085
Variance 0,000953 0,000957 0,001060 0,001140
40 Bias 0,000048 0,000069 -0,000548 -0,000784
Variance 0,000930 0,000930 0,001050 0,001130
4    40 1 Bias 0,000134 0,000074 -0,000015 -0,000046
Variance 0,000387 0,000386 0,000411 0,000421
20 Bias 0,000398 0,000271 0,002250 0,002780
Variance 0,000697 0,000697 0,000866 0,000932
40 Bias -0,000032 0,000019 0,000175 0,000104
Variance 0,000701 0,000694 0,000758 0,000823
5 10    20 1 Bias 0,000136 0,000251 -0,000220 -0,000261
Variance 0,000349 0,000347 0,000350 0,000351
20 Bias -0,000054 -0,000071 -0,001020 -0,001130
Variance 0,000684 0,000680 0,000709 0,000718
40 Bias 0,000166 0,000181 0,000113 0,000149
Variance 0,000670 0,000672 0,000644 0,000644
 (i) The number of replications computed are 200, 150, 130 and 100 for the experiments 1, 2, 3, 4 respectively and 100
for 5.APPENDIX
Table 1A
Estimation procedures of 
2
u s (%) in TSP and LIMDEP.




se 1 20 40 1 20 40 1 20 40 1 20 40 1 20 40
T1 100,0 66,5 56,0 100,0 75,3 54,0 100,0 77,6 64,0 100,0 77,0 71,0 100,0 87,0 73,0
T2 0,0 33,5 44,0 0,0 24,6 46,0 0,0 22,4 36,0 0,0 23,0 29,0 0,0 13,0 27,0
L1 100,0 66,5 59,0 100,0 74,0 52,0 100,0 79,2 62,4 100,0 78,0 73,0 100,0 87,0 71,0
L2 0,0 4,0 3,0 0,0 2,0 4,0 0,0 1,6 3,2 0,0 1,0 1,0 0,0 3,0 3,0
L 3 0,0 29,5 38,0 0,0 24,0 44,0 0,0 19,2 34,4 0,0 21,0 26,0 0,0 10,0 26,0
Tabla 2A
Empirical efficiency gains by using optimal control variates
estimator (9) in Monte Carlo experiments.




se 1 20 40 1 20 40 1 20 40 1 20 40 1 20 40
TSP 55,81 50,25 25,25 62,75 55,81 26,57 62,75 55,81 26,57 71,68 62,75 28,03 71,68 71,68 50,25
LIMDEP 50,25 50,25 33,59 62,75 55,81 28,03 62,75 55,81 26,57 71,68 55,81 28,03 62,75 71,68 55,81
RATS 33,59 9,19 10,67 35,97 7,95 7,40 33,59 6,93 6,84 38,71 9,87 8,19 50,25 18,11 18,11
W-G 29,66 6,08 7,11 28,03 5,42 4,94 21,09 4,81 4,65 31,50 6,93 5,47 45,71 14,96 14,54
Table 3A.
Empirical correlations between control variate and naive estimator.




se 1 20 40 1 20 40 1 20 40 1 20 40 1 20 40
TSP 0,991 0,990 0,980 0,992 0,991 0,981 0,992 0,991 0,981 0,993 0,992 0,982 0,993 0,993 0,990
LIMDEP 0,990 0,990 0,985 0,992 0,991 0,982 0,992 0,991 0,981 0,993 0,991 0,982 0,992 0,993 0,991
RATS 0,985 0,944 0,952 0,986 0,935 0,930 0,985 0,925 0,924 0,987 0,948 0,937 0,990 0,972 0,972
W-G 0,983 0,914 0,927 0,982 0,903 0,893 0,976 0,890 0,886 0,984 0,925 0,904 0,989 0,966 0,965